The full-spectrum k-distribution (FSK) 
Introduction
Radiative transfer calculations in participating media can be most accurately evaluated by the line-by-line ͑LBL͒ approach, but, due to irregular gas phase absorption coefficients that rapidly vary across the spectrum, the radiative transfer equation ͑RTE͒ must be solved for up to 1 ϫ 10 6 wavenumbers. Hence, the LBL approach is extremely time consuming and requires large computer resources. On the other hand, the absorption coefficient can be reordered into a monotonically increasing function, such that only a small number of quadrature point evaluations of the RTE is required ͓1,2͔, greatly reducing the computational cost. Several models have been proposed to apply the concept of reordering the absorption coefficient to the entire spectrum and these include the spectral-line-based weighted-sum-of-gray-gases ͑SLW͒ model ͓3,4͔, the absorption distribution function ͑ADF͒ method ͓5,6͔, and the recent full-spectrum k-distribution ͑FSK͒ method ͓7͔. Whereas SLW and ADF methods are approximate schemes, in which the absorption coefficient is reduced to a few discrete values, the FSK method is an exact method for a correlated absorption coefficient using a continuous k-distribution over the entire spectrum. The FSK method achieves LBL accuracy for homogeneous media at a tiny fraction of LBL's computational cost. Since its introduction, the FSK method has undergone several major developments ͓7-10͔ and has become one of the most popular spectral models for radiative transfer calculations.
Although the FSK scheme is an exact method for radiative calculations in homogeneous media, its application in strongly inhomogeneous emitting-absorbing media challenges its accuracy. Inhomogeneities in total pressure, temperature, and component mole fraction ͑partial pressure͒ alter the local spectral behavior of the absorption coefficient, which is critical in the FSK reordering process. The effect of strong variations in total pressure along with negligible variation in temperature produces only a small change in the k-distribution as evidenced in meteorological applications ͓1,11,12͔. On the other hand, varying temperature and gas concentrations have substantial effects on the accuracy of k-distribution and FSK methods ͓7,11,13-15͔.
In order to address the inhomogeneity problem, several strategies with different levels of sophistication and accuracy have been proposed in the literature. All the commonly used strategies include either the assumption of a correlated absorption coefficient or the scaling assumption. Details of these two approaches can be obtained from Modest ͓8͔. The application of both the correlated and scaled approaches to the FSK method leads to the fullspectrum correlated k-distribution ͑FSCK͒ and scaled k-distribution ͑FSSK͒ methods, respectively. To alleviate the inaccuracies in inhomogeneous media, two different approaches have been proposed, namely, the fictitious gas ͑FG͒ ͓6͔ or multiscale ͓9͔ approach and the multigroup ͑MG͒ approach ͓10,16͔. The concept behind these two approaches is to break up the gas absorption coefficients into pieces that are as correlated or scaled as possible. In the FG approach, the individual spectral lines comprising the absorption coefficient are placed into separate scales based on their temperature dependence. In the MG approach, spectral positions, i.e., wavenumbers, are placed into several groups according to their dependence on temperature and partial pressure. Both approaches achieve increased correlation in the absorption coefficient within each FG or spectral groups and improve the accuracy of radiative calculations in inhomogeneous media. The multigroup FSK ͑MGFSK͒ method has been shown to achieve great accuracy for a single gas species with inhomogeneity in temperature ͓9,10,16͔, whereas the multiscale FSK ͑MSFSK͒ method can efficiently treat mixtures of absorbing gases with severe species inhomogeneity ͓17͔. However, challenges still remain for radiative calculations in a gas mixture containing both temperature and species concentration inhomogeneities. FSK calculations are very accurate and time efficient provided the required FSKs are known, which are tedious to compile from spectroscopic databases, such as HITRAN ͓18͔, HITEMP ͓19͔, and CDSD-1000 ͓20͔. Several very approximate correlations have been generated by Denison and Webb ͓3, 4͔ and Modest et al. ͓7, 9, 10, 16͔ . However, to make accurate FSK calculations feasible for general engineering purposes, preassembled FSK must be available in the form of accurate and compact databases. Fullspectrum MG databases have been constructed by Zhang and Modest for carbon dioxide and water vapor from the HITEMP spectroscopic database ͓10,16͔. The spectral positions of each gas were placed into 32 exclusive spectral groups depending on their temperature and partial pressure dependence. The absorption coefficients at the 32 group level satisfy the scaling approximation. The spectral groups from the databases are scalable, i.e., for better numerical efficiency, the spectral groups can be combined to obtain coarser numbers of groups. It has been reported that close-to-LBL accuracy can be achieved by considering only four such groups, within which the assumption of a correlated absorption coefficient holds.
In the current paper, a new hybrid multiscale multigroup FSK ͑MSMGFSK͒ method is proposed, which is capable of accurately handling radiative transfer in a gas mixture containing both temperature and partial pressure inhomogeneities with/without gray wall emission. The medium may also contain gray particles. However, mixtures containing nongray particles are beyond the scope of the present paper, because mixing of species for such case cannot be accurately performed at the full-spectrum level. This requires a narrow-band database and will be addressed in a follow up paper. The present MSMGFSK method resolves the absorption coefficient of an individual species in a mixture as one of its scales. Within each scale, the wavenumbers are placed into exclusive spectral groups according to their temperature dependence. Mixing of species is addressed by introducing an overlap parameter to approximate the effect of overlap among scales. In the MG databases created by Zhang and Modest ͓10,16͔, the absorption coefficients were obtained from the HITEMP spectroscopic database. Unfortunately, it has been observed that the HITEMP database is not accurate for CO 2 at temperatures higher than 1000 K ͓20,21͔. Thus, also a new and better correlated database is constructed with spectral absorption coefficients for water vapor calculated from HITEMP 2000 and for carbon dioxide from CDSD-1000, which is considered more reliable. Since it had been found that radiative calculations using four groups can achieve close-to-LBL accuracy with faster computational times ͓10,22͔, MG databases are constructed with only four such groups. Sample calculations are performed for gas mixtures with temperature and partial pressure inhomogeneities. For all cases, results are compared to FSCK and LBL calculations.
Hybrid MSMGFSCK Approach
Although the multiscale multigroup full-spectrum correlated k-distribution ͑MSMGFSCK͒ method can be easily extended to include gray absorbing and scattering particles, for brevity, a medium consisting of a mixture of molecular gases is considered and the RTE for this medium can be written as ͓23͔
subject to the boundary condition at s = 0:
Here, I is the spectral radiative intensity, is the absorption coefficient, I b is the spectral blackbody intensity ͑or Planck function͒, and wavenumber is the spectral variable. The term គ is a vector of state variables that affect , which include temperature T, total pressure P, and gas mole fractions x គ: គ = ͑T , P , x គ͒. The boundary intensity I w may be due to emission and/or reflection from the enclosure wall ͓24͔.
The total absorption coefficient is first separated into contributions from N component gases, e.g., CO 2 and H 2 O, and then the spectral locations of the nth gas absorption coefficient are sorted into M exclusive spectral groups, i.e.,
and the radiative intensity I is accordingly broken up. Note that the spectral locations constituting the mth group may not be consecutive. The RTE is then transformed into ͚ n=1 N M n component RTEs, one for each group of each gas or scale:
It is observed, physically, that the intensity I nm is due to emission from the mth group of the nth gas specie ͑the nmth group͒ but subject to absorption by all groups of other gases plus its own group. There is no overlap among groups of a single species and, therefore, there is no emission over wavenumbers where nq ͑q m͒ absorbs. Thus, in Eq. ͑4͒,
We now apply the FSK scheme ͓23͔ to the RTE of each group: First, Eq. ͑4͒ is multiplied by Dirac's delta function ␦͑k nm -nm ͑ គ 0 ͒͒, followed by division with
where គ 0 and T 0 refer to a reference state. The resulting equation is then integrated over the entire spectrum, leading to
͑7͒
where
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Here, the absorption coefficient within each group has been assumed to be correlated. This implies that k nm = k nm ͑T 0 , គ , g nm ͒ is evaluated from the k-distribution of the local absorption coefficient of the nmth group weighted by the Planck function at the reference temperature ͓23͔. The second term in Eq. ͑7͒ is due to the overlap of the absorption coefficient of the nmth group, nm , with groups of all other gases, and this overlap only occurs over part of the spectrum. Physically, the overlap coefficient nm is a reordered absorption coefficient of the nmth group taking into account the overlap with groups of all other gases. Based on the MSFSK approach, the nm can be approximately determined since the overlap effects between groups are relatively small. There are many ways of approximating nm . Here, the approach used in the original MSFSK development is followed, that is, the overlap coefficient nm is determined in such a way that the emitted intensity emanating from a homogeneous layer bounded by cold black walls is predicted exactly ͓9͔.
In Eq. ͑7͒, the reordering is performed in terms of nm and the overlap coefficient between nm and during the reordering process is lumped into nm . In order to determine nm , the reordering can also be performed in terms of , which, for a homogeneous layer at temperature T, leads to
In Eq. ͑12͒, the interaction between nm and is lumped into k nm * . The solutions to Eqs. ͑7͒ and ͑12͒ for a homogeneous layer at temperature T bounded by cold black walls can be analytically obtained, and the total exiting intensities at s = L, obtained from Eqs. ͑7͒ and ͑12͒, respectively, are
The spectrally integrated intensity, I nm , must be equal to I nm * , and this requirement leads to
provides the relationship between nm and k nm that is required to solve Eq. ͑7͒. One convenient way of determining nm is by using the relationship ͓9͔
In wavenumber space, this can also be expressed as
is an implicit relation for the nm − k nm relationship. In practice, the left-and right-hand sides of Eq. ͑20͒ are evaluated for a set of predetermined k nm and nm values and the results are stored in two arrays. The corresponding nm values for the k nm values used in the RTE evaluations are determined by interpolation from the two arrays. The so-determined nm will be a function of the state variables ͑i.e., temperature and gas species concentration͒ as well as k nm ͑or g nm ͒.
Evaluation of Overlap Coefficient nm
The left-hand side ͑LHS͒ of Eq. ͑20͒ can be readily evaluated since
and the k nm -g nm distribution of the nmth group can be obtained from the MG databases. The right-hand side ͑RHS͒ of Eq. ͑20͒ contains the k nm * term, which may be directly calculated from Eq. ͑15͒ using high resolution spectroscopic databases, if the spectral locations of each spectral group are known. This direct calculation, however, is extremely tedious and impractical for the solution of general problems. It is desirable to evaluate the RHS of Eq. ͑15͒ using databased MG k-g-distributions for faster and efficient computation. The MG database construction for combustion gases CO 2 and H 2 O is discussed in detail in the following section.
In order to do so, the quantity Q nm is considered for the nmth group:
Physically, Q nm is related to the emission from the nmth group, attenuated over path L by the groups of all other gases and itself. Q nm can be rewritten as
i.e., Q nm is the Laplace transform of k nm * . Q nm can also be written as
where l is the total ͑all groups͒ absorption coefficient of the lth gas species. The second step follows by recognizing that the integration in the first step is a Planck function weighted averaging operator, together with the assumption that the absorption coefficients of the nmth group and all the other gases are statistically uncorrelated with each other. Since the mixing in Eq. ͑25͒ is at the full-spectrum level, it is expected to be somewhat less accurate than on a narrow-band level ͓25͔. However, the uncorrelated assumption should be reasonable here since the nmth group not only comes from a different gas but also from scattered parts of the spectrum.
The k-distribution method can then be applied to Eq. ͑25͒, which is written as
Here, k l ͑g l ͒ is the k-g-distribution of the entire lth gas, obtained by combining all groups into one ͓10͔,
evaluated at any given k ͑same for all groups͒. Equating Eqs. ͑26͒ and ͑24͒ leads to
and the integral property of the Laplace transform gives
Finally, taking the inverse of the Laplace transformation results in
where H is the Heaviside step function. By equating the LHS and RHS, a generic expression is obtained for the determination of the overlap coefficient nm based on group k-distributions constructed from the MG databases, i.e.,
͑31͒
The number of multiple integrals on the RHS of Eq. ͑31͒ is N, the number of component gases in the mixture.
Multigroup Database Construction
As stated earlier, accurate and compact databases of MGFSKs are constructed as a part of this work. The spectral absorption coefficients for water vapor are calculated from HITEMP 2000 and for carbon dioxide CDSD-1000 is used, which is considered more reliable than HITEMP for temperatures higher than 1000 K ͓20,21͔, as assembled by Wang and Modest ͓26͔. The resulting MG k-g-distributions of the combustion gases are stored for various values of total pressure, local gas temperature, species mole fraction, and Planck function temperature and are summarized in Table 1 .
Grouping of Wavenumbers.
The wavenumbers of each gas species in 0.01 cm −1 intervals are grouped according to the temperature dependence of their absorption coefficients. Some typical results are shown in Figs. 1 and 2 . Figure 1 corresponds to a few chosen spectral locations across the 4.3 m band of CO 2 in a mixture with 10% CO 2 and 90% N 2 , while Fig. 2 corresponds to a few chosen spectral locations across the 2.7 m band of H 2 O in a H 2 O-N 2 mixture with 10% H 2 O. It is observed that there are distinct behaviors of absorption coefficients with temperature, which are consistent for all spectral locations and gas species. This temperature dependence is classified into four categories and Transactions of the ASME used for initial grouping of the spectral locations.
Step 1. As seen from Figs. 1 and 2, lines with decreasing with temperature at all temperatures are collected into Group 1, those which have increasing at low temperature but then decrease later on are placed into Group 2, lines that first decrease but later on wake up are placed into Group 3, and finally the lines that wake up at low temperature and continue to rise are collected into Group 4.
Step 2. After this initial grouping, each group is assigned an average k-profile, which is expressed as
where i is the counter-indicating group and j is the temperature. Unlike the database constructed by Zhang and Modest ͓10,16͔, a weighted average of ͑T͒ / ͑T ref ͒ is employed, using spectral emission ͑T ref ͒I b ͑T ref ͒ as the weight factor. In typical combustion applications, the maximum temperature is expected to vary between 500 K and approximately 1600 K, and for such temperature range, a value of T ref = 850 K was found to give the best grouping results. The following are the steps used to optimize the grouping of wavenumbers:
Step 3. The group tag for each wavenumber is determined by minimizing the normalized departure of its relative temperature dependence from the average k-profile of the groups:
͑34͒
In Eq. ͑33͒, the departure of the absorption coefficients from the average k-shape of the group is normalized in such a way that very low values of the absorption coefficient are given less importance. The numerator of Eq. ͑33͒ is the absolute departure of the absorption coefficient from the average k-shape, whereas the denominator normalizes that departure with respect to the average k-shape of the group. C i is a constant optimized for each wavenumber, since the departure from the average k-shape is to be minimized, not departure from k itself. After calculating the total departure ͑ ͒ from the average k-shape, the spectral locations are assigned to that group for which the value of is minimum.
Step 4. After regrouping, the average k-profile of each group is updated based on Planck function weighted absorption coefficients:
and the process is repeated until less than 1% of the total number of wavenumbers change groups. Once all spectral locations are grouped, the full-spectrum k − g distributions are calculated for each group and each gas species for the parameters presented in Table 1 . When calculating FSKs for each group of a gas species, a set of nominal k-values between the group maximum and minimum k-values must be chosen at the local gas state. Here, a power law distribution of k-values is considered ͓26͔ and a total number of k-bins of N k = 2000. Details on the calculations of ͑MG͒ FSKs, and the weight function a from the absorption coefficients can be obtained from Zhang and Modest ͓7,10͔. After calculating the initial k-distributions with 2000 k-bins, data compaction is performed using Gaussian quadrature schemes with a fixed-g concept as outlined by Wang and Modest ͓26͔. The final database contains 128 k-distribution data points for each group. To eliminate the detrimental effect of noise in the stretch function a on quadrature efficiency, natural B-splines are used to smoothen the k-g-distributions by a small amount, resulting in better-behaved a-functions. Figure 3 shows the original and smoothened k-g-distributions and stretching functions a for Group 2 of a H 2 O-N 2 mixture with 10% H 2 O at 1500 K local gas temperature and 1000 K as the reference temperature. It is observed that a very small change ͑nearly indiscernible smoothening͒ in the k-distributions can result in a much smoother a-function.
The MG full-spectrum database is used to obtain the k-g-distributions for each group of each gas species. To obtain the k-distribution for an arbitrary state, interpolation is needed between precalculated states stored in the database. For a single gas species, the k-distribution is specified by total pressure ͑P͒, local gas temperature ͑T͒, mole fraction ͑x͒, and a Planck function temperature ͑T 0 ͒. Hence, for full-spectrum cases, four-dimensional interpolations in ͑P , T , T 0 , x͒ are required. In order to achieve acceptable accuracy with small computational cost, a hybrid scheme is employed for database interpolation: 1D spline interpolation is used for P and trilinear interpolation for T − T 0 − x as proposed by Wang and Modest ͓26͔. The MG database containing four groups for each gas species has a total size of 500 Mbytes. For a given state, MG k − g-distributions can be obtained from the database in 20 ms on a Pentium Zeon 2.4 GHz computer. The newly constructed MG database is scalable, i.e., for faster computation, the groups can be combined to obtain coarser groups. The k-g-distributions of the combined group can be calculated ͓10͔ from Eq. ͑27͒ as
where g n and g m are the cumulative k-distributions for the same k-values of the combined groups and original groups, respectively. Details of group combination can also be obtained from Zhang and Modest ͓10͔. When groups are combined to obtain a twogroup k − g-distribution from four groups, the first two groups are combined into one group and the last two into second group, since the average characteristics of Groups 1 and 2 are similar ͑both of them contain lines with decreasing with increase in temperature at higher temperature͒. Groups 3 and 4 also have similarity in the sense that they contain lines with increasing at higher temperature.
Sample Calculations
To illustrate the performance of the newly created MG database in conjunction with the new hybrid MSMGFSCK method in handling inhomogeneous gas mixtures, a few sample calculations with extreme temperature and mole-fraction ͑partial pressure͒ inhomogeneities are performed. In all cases, a one-dimensional medium containing CO 2 -H 2 O-N 2 gas mixtures confined between cold black walls is considered. The mixture consists of two different homogeneous layers ͑denoted as left and right layers/ columns͒ adjacent to each other. Two cases of total pressure, i.e., 1 bar and 10 bar, are considered. The left layer is at 1500 K and has a fixed width of 50 cm. The right layer is cold and at 300 K. The width of the cold layer is varied in the calculations. The radiative heat transfer leaving from the right layer is calculated using the LBL method, the single-scale FSCK method, and the hybrid MSMGFSCK method. For consistency, all three methods employ absorption coefficients obtained from CDSD-1000 and HITEMP for CO 2 and H 2 O, respectively. In the MSMGFSCK calculations, the required k − g-distributions are obtained by interpolating the database, while in the single-scale FSCK calculations, the required k − g-distributions are directly calculated from the absorption coefficients without mixing k-distribution of species, i.e., the absorption coefficients are calculated for the mixture before the k-distributions are formed. For all k-distribution calculations, ten quadrature points ͑g-values͒ were employed. It was found that using more than ten quadrature points resulted in negligible improvement. Therefore, a total number of 10 ͑g-values͒ ϫ 2 ͑species͒ ϫ 2 or 4 ͑groups͒ = 40 or 80 RTE evaluations was required for each case.
The LBL calculations serve as benchmark and the FSCK calculations serve to demonstrate the improvement made by the hybrid MSMGFSCK method. Figure 4 compares the nondimensional radiative heat fluxes for the case of 1 bar total pressure and a step change in temperature only as calculated by several methods. The mole fractions of the component gases are kept uniform throughout the two-layer slab. The percentage errors of the MSMGFSCK and the single-scale FSCK calculations compared to LBL results are also shown in the figure. In order to compare accuracy of the new database with respect to the previous one, results are obtained from both the previous MG database created by Zhang and Modest ͓10,16͔ and the newly created MG database in this paper. For a temperature inhomogeneity of this magnitude ͑a drop from 1500 K to 300 K͒, the FSCK method gives more than 20% error as the cold layer length becomes larger than 80 cm, indicating the failure of the correlated absorption coefficient assumption. The errors of the MSMGFSCK method while using the new MG database, on the other hand, stay below 1.6% for any cold layer thickness. The number of the groups indicated in the figure is the number of groups into which each gas scale is separated. As can be seen from Fig. 4 , the accuracy of the hybrid MSMGFSCK method is excellent, with the accuracy of the two-group case actually being better than for the four-group case, which apparently is due to the presence of compensating errors between grouping of absorption coefficients and mixing between two different absorbing gases. It has been shown by Modest and Riazzi ͓25͔ that for an isothermal layer of a gas mixture, the error incurred during heat transfer calculations is about 2% when the k − g-distributions are mixed at the full-spectrum level. Hence, a MG database of combustion Transactions of the ASME gases with four or even two groups is sufficient to optimize between accuracy and numerical efficiency. Comparison with the data of Wang and Modest ͓22͔, in which the database created by Zhang and Modest ͓10,16͔ was used, verifies that the new MG database is superior, especially for the two-group case. Figure 5 shows the results for a case including mole-fraction step changes in both CO 2 and H 2 O in addition to a temperature step change as in Fig. 4 . The left hot layer contains 20% CO 2 and 10% H 2 O, and this composition is switched in the right cold layer. The total pressure of the gas mixture is 1 bar. The error of the FSCK method reaches more than 40% for this extremely inhomogeneous problem. On the other hand, the four-and two-group hybrid models provide excellent results with the maximum error remaining below 2%. Results from the new database are considerably more accurate than those of Wang and Modest ͓22͔ for the four-group case, and even more significantly for the two-group case.
Radiative calculations were also performed for a case of higher total gas pressure. Figure 6 shows the results for a case similar to the one in Fig. 5 except that the total gas pressure is raised to 10 bar. Again, it is observed that the MSMGFSCK formulation in conjunction with the new MG database predicts heat transfer calculations very accurately. The errors for the four-and two-group models remain limited to within 2%, whereas the FSCK methods produce more than 50% error. Hence, the results suggest that this new hybrid MSMGFSCK model together with the MG databases can efficiently perform over a wide range of gas states.
Conclusion
In this paper, a new FSK method was developed for radiative transfer in strongly inhomogeneous gas media. The method combines the advantages of the MSFSK method in handling the mixing problem and partial pressure inhomogeneities and those of the MSFSK method in handling temperature inhomogeneities. In this method, the absorption coefficient of the mixture is broken up into contributions from the gas components, and the absorption coefficient of each component gas is subsequently separated into exclusive correlated groups. The overlap between a group and all other gases is approximately treated. As the number of groups in each gas scale increases, the effect in the approximate treatment of the overlap becomes diminished. A new MSFSK database of improved accuracy has also been constructed for the most important combustion gases, carbon dioxide and water vapor. To optimize between computational efficiency and accuracy in radiative heat transfer calculations, this MG database contains four groups for each gas species. The accuracy of the new method was established by performing sample calculations for radiative transfer in strongly inhomogeneous media using the newly constructed database. It was found that the new method successfully handles extreme inhomogeneous problems with only two or four groups for each gas component. 
